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ABSTRACT

Let a,b belong to the H8lder class g% V2

((0,1)x[0,T]) with
ae (0,1 and a > a, > 0. It is shown that for the solution of the problem

0
-1/2 -1/2
u -au - t / bux = ¢ / £, (x,t) e {[0,1])x[0,T] |,

u(e,0) = ¢
u(v,*) = *\’ y V=0, ,

the estimate

lu,ux,t <

xx'a,u/2
! 1/2
c{lfla'c/z LA \20 W, t 'vlq,z}

holds if the data £, ¢, *v satisfy the appropriate compatibility conditions.

Here 1 'a,a/z' ] 'a' 1 l(’/2 denote the norms of the HB8lder classes

H“'q/z([0,1]X[o,T]), Ha([0,1]) and HG/Z([O,T]) respectively and the

constant ¢ depends on a, age la,bla a/2 and T. The result extends to
14

quasilinear problems with a, b and f dependingon %, t and u.
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SIGNIFICANCE AND EXPLANATION

N

" This report was motivated by the study of free boundary value problems

related to the Stefan problem. The precise description of the smoothness of
h the free boundary requires sharp regqularity results for linear parabolic
equations with singular coefficients.

. These results are of independent interest. They can be applied to

parabolic equations on domains with curved boundaries that touch the x-axis.

As a particular emp;l.o consider the heat equation, \

i
¢

L 12
u ~u =t £ on n/

e
u=0 on 9Q e
on the domain R := {(x,t) ¢+ t > o, x > -tvz}. Our results imply that u
. M'T;:' Are HBlder continuous up to the boundary if £ 4is and f£(0,0) = 0.

( £ 2 VANEN
- >1(hil example arises in the comx’tf-goau of the nonlinear parabolic problem
. {1 *

studied in MRC Technical Summary Report #2354,
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The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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LINEAR PARABOLIC EQUATIONS WITH A SINGULAR
LOWER ORDER COEFFICIENT

Klaus H8llig.
1. Statement of the result

We consider the linear parabolic initial boundary value problem

/ 1/2f(x,t) ’

(u (x,t) - atx,u_(x,8) = £/ 2b(x,t)u_(x,8) = ¢

(x,t) € := [0,1] x[0,T]

(1.1) ﬁ ’ % ’ e
u(x,0) = ¢(x) , xe [0,1],

L ulv,t) = p (), t e (0,71, v=10,1 .

Problems of this type, with a singular coefficion£ of u,, may arise when
transforming parabolic equations from a domain with curved boundaries to the
standard domain ﬂ,r. Consider, e.g., the heat equation,

- V2

v, -V g on §

(1.2)
va=0 on 00

1/2

on the domain 8 = {(y,t) : 0 <y <1 +¢t’“, £te (0,71}, By the change of

variables x = y/(1 + tvz), (1.2) is equivalent to (1.1) with u(x,t) =

172,~2

viy.t), £(x,t) = gly,t), ¢ = '\’ =0,a=(1+¢t ) and b(x,t) =

1/2). More generally, any parabolic equation on a domain with

AR
smooth vertical boundaries that touch the x-axis, but have nonzero curvature
as ¢t + 0, leads, after a change of variables, to a problem of the form
(1.1).

¥We shall show that, under the assumptions on the coefficients and the
data specified in (1.3) - (1.5) below, the solution of problem (1.1) and its

partial derivative with respect to x are H8lder continuous up to the

Sponsored by the United States Army under Contract No. DAAG29-80~C-0041. This
material is based upon work supported by the National Science Foundation under
Grant No. ”7927062, Mod. 2.
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boundary. This is, in general, no longer true for a singularity of the form
t-1/2-e

¢+ €> 0, in the coefficient of u,.

We use the HOlder norms

Ixl, ;, = suwp [x(2) - x(z ) /lz - 2*1°®
' z,z'€el
'xlC.I 3= lx...I + |x|a'r
lec x,Q 5 sup Iw(x,t)=w(x',t)|/]x=x"]
' (x,t),(x',t)eq
Ivlg,¢,q *= sup lv(xrt)-v(x.t')l/lt-t'ls
i (x,t),(x,t')eq :
h"ﬂ,B,ﬂ = |w|u'x'n + Ivlﬂ,t,ﬂ
'w.alaln = 'Hl.'n * "lC'B'Q
where a,B € {0,1) and denote by H(I) and Hubs(ﬂ) the HS8lder classes
corresponding to the norms 1 | and 1 e The subscripts I and §
«,1 s,8,8

are omitted if the domains are clear from the context. We also need the

subspaces ﬁ“([o,r]) = {x @ HQ(IO,T]) : x(0) = 0} anad ﬁ“““(xx[o,rl) 1=

wen*t

Y

(Ix[0,T]) : w(x,0) = 0, x € I}. For simplicity of notation we write

Y

t'x and t'w for the functions ¢t »-th(t) and (x,t) » t‘Q(x,t).

We assume that the coefficients a, b and the data £, ¢, *v for the

problem (1.1) satisfy

a,b e H“'“/z
(1.3)

ar> ao >0

£ e p™¥?
(1.4) s en”

. |
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tor some a € (0,1) and the compatibility conditions
"\’) = *V(O) ’
(1.5)

lim t‘lzv;(t) = £(v,0) + b(v,0)¢'(V), v=10,1 .
. t*0

Theorem 1.1. Under the assumptions (1.3) - (1.5) the solution of the problem

(1.1) satisfies

1/2
lu,ux,t “xx'c,alz,ﬂ,r <

(1.6) U, 02,9, * ¥ Vo, 00,1 *

1
L
v=0

/2.,
YWe2,10,m}

vwhere the constant ¢ depends on «, ao, "'blacqlchr and T. Moreover we
have

(1.7) 1im ¢V/2

u_ (x,t) = 0, xe [0,1) .
£+0 o ‘

The Theorem remains valid if we replace in problem (1.1) t.1/2b(x,t) by
t-Yb(x,t) with Y < 1/2. 1In this case t-‘bux can be regarded as a minor
term and the result can be obtained from Theorem 1.1 by iteration. The
Theorem also extends to quasilinear problems of the type (1.1) with a =

a{x,t,u), b = b(x,t,u), £ = £(x,t,u) 1if we assume, e.g., that a, b, £ are

F
E c'. We stated the result in the simplest setting to focus on its essential
F feature, the singularity in the coefficient of Uy

d The aifficult part of the proof of Theorem 1.1 is to show (1.6) for the

:
;
4
|
;
?
:
|
i

constant coefficient problem on the domain n+x[o.rl (section 2.3). We then
use a standard technique [L, pp. 295-341] to extend the result to the case of
] variable coefficients (section 3). To keep the report self contained, the

proofs of estimates for the Cauchy problem (section 2.2) are included

P AP ety P R R S Ry S N R




B ¥ — « Dl ChyC Rl

...............................
.............................................

although they are similar to the corresponding estimates for the heat

equation.

2, The constant coefficient problem

2.1. Auxiliary lemmas
We list in this section some elementary inequalities and properties of

HOlder norms. In the sequel ¢ denotes generic constants which may depend on '

a, Y, aye "'hla,qlz'

(2.1) Por z,3 >0 ,
z3 exp(=-z) < c exp(-cz) .

(2.2) For t>8>0, z€R ,

1/2 /2 /2

/(t-8)"

<z + eV/2 V2

- ¢+ ¢clz|/(t=8) <c+ clzl/(t-s)1

(2.3) FO!‘ t,z > o, j > ‘ I'a

]: s.j/z(t-l)-i/zexp(- fﬁdl < cz(1-j)/2

Lemma 2.1. For x € HY(IO.Tl)o ye (0,1),

(2.4) Ixl, € ¢ sup x|

jem  v,12737,273%n

Y

When estimating differences x(t) = x(t') it will be sometimes
convenient to assume that |t-t'| € ¢ min(t,t'). In view of the Lemma this is

no loss of generality when estimating lxIY.

Ilomma 2.2, Let V(Y,t) = u(x + ct’/zpt)' then
(2.5) Ivlavz,t < r.:lula’“/2 .
Lewma 2.3. For tilzx e #7(0,11), ve (0,1), the norms lt‘lleyv |t1/2x|Y

(lt1/2-7xl. + sup t1/2|xl

te(o,T)

and ) are equivalent.

Y,lt,T]

.........

.....




An analogous version of this Lemma holds for §& V2,

lt1/2-Yxl 1/2

Proof. Assume that o« tBUPL <1 and let

Ixly, (e,m
0 <8<t <T. We have

1/2 /

It “xte) - 31 2x(s)l <

12 _ 1/2

It 2 e + 18" 2(x(e) - xtaN)| <

(t=g)t~ V2e"V/24Y o ooy Y < 2(t-8)T

and therefore |t1/2le < 2,

1/

Now assume that IT(IY <1 with X 1= ¢t 2)( and let

0<8/2<t<s8< T We have
1712 3(e) - V2 20| <

172 (%8 - XteN ] + 1e~ V2= V2w <

sV 3/

2(g-t)Y + 732 gupeY ¢

26V 2(g-¢)7

and therefore |xl| < ct-’/ 2 .

Y,[t,T]

lemma 2.4. For Y € (0,1/2) define

Q' = {x : x(0) = Lim £/2x(t) =0 ,
:TA: t*O
ot (2.6)
i 1/2
' [ | = ' < .
Xig = 17y 1o, m < %}
; Then we have, for x € QY,
® -1/2
s .
-s-
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2.2. The Cauch roblem

<ve
[y

»

e

.‘:.i"'

L In this section we congider the problem

u,_ - au - t-1/2

-1/2
. _— hux =t v £, (x,t) e rRx[0,T] '

(2.8)
u(x,0) = ¢(x), x € R ,

where a > 0 and b are constants.

a,0/2

Theorem 2.1. Let £ € H (=x(0,T]), ¢,¢' € H*(R). Then the solution of

problem (2.8) satisfies

1/2u

(2.9) lu,ux,t xx'a,q/z < °{'f'a,q/2 + |0:¢'|a}

where ¢ depends on a and b. Moreover we have
(2.10) lim t1/2

u (x,t) =0, xeRrR .
£+0 xx

1/2

The change of variables y := x + 2bt ", viy,t) := u(x,t), gly,t) :=

f(x,t), transforms the probiem (2.8) into the heat equation

v, = av = t-‘/z

(2.11) t Yy
v(Ylo) - O(Y)' Y eR .

g, ly.t) e Rx[0,T] |,

Therefore the analysis of the Cauchy problem is fairly simple. We merely have

to take into account the singular behavior of t-1/2g as t + 0. However,

for convenience of the reader, we give a complete proof of Theorem 2.1.

By Lemma 2.2 it suffices to prove the assertion (2.9) and (2.10) for the

solution v of problem (2.11), i.e.

172 .
(2.12) lv,vy,t vyy'a,u/Z < c{lglc'qu + 16, ¢ la}
(2.13) 1m t”% (y,t) =0, yer .

t+0 yy

S A e nh Y
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2
Denote by TI'(x,t) := (4lt)-1/208p(- %:) the fundamental solution of the heat

equation. We have the estimate [L, p. 274]

2

(2.14) lDi D: F(x,t)] < ct-jlz-kexp(-c f—) .
Also note that

1 , §=0
(2.15) In ni P(x,t)dx = {

0 I j ) 0 .

1

(2.16) j: r(x,t)at = = 5 .

To prove (2.12) and (2.13) we assume that a = 1 in problem (2.11) and
consider two cases

(i) For g=0 we have

lv,vyl 4 le,o'la

a,0/2

. -1/2
8 <ch”(ﬁﬂa<ﬂ 161,

Yww'a,a/2,Rx(¢,T]

By Lemma 2.3, thig proves (2.12) once we show
1/ Y2, g <o

Yy « e
which, in turn, yields (2.13). To this end we note that by (2.14) and (2.15),
-1/2+a/2
vy (¥ eE)| = [y T (yez,e) (4" (2) = ¢ (yNaz] <ot /2 V21
(ii) Now assume that ¢ = 0.
Lemma 2.5,
17 < .
(2.17) Ivyla,y clgl"'y
Proof. Assume that |g| €1 and let y-y' =: h> 0. Using (2.15) we have

cly
v ( t) -V ( ' t) =
y Y, Y Y., )

/2(g(zol) - gl{y,s))dzds

0 J r (y-z,t-s)l-1
|y=z|<2h y




e,
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- ]: / r (y'-z,t—s)s-1/2(g(z,a) - gly',s))dzds
|y=z)€2h
M B ' -1/2
0 y=z,t=-8) =~ Py(y -z,t-8))s (g(z,8) - g(y,s))dzds
{y=z}>2h
+ j: j r (y'-z,t—s)s-1/2(g(y'.s) - g(y,s))dzds
ly=z|>2h

)
=3 I .
v Y

Estimating these terms, using (2.14), we get

2
|I1| €c ff(t-s)-1exp(-c i%Efl-)s.vzly-zlmdzds

<c f Iy-z|-1+°hz <ch® .
|y=z|<2h

For the second inequality we have used (2.3) with j = 2. |12| is estimated
similarly.

-1/2|z-y|°hzds

{130 < h fj|ryy(e-z,t-s)|s
with & = E(z,8) € (y',y). Since for |y-z| » 2h = 2(y-y'), |ly-2|/2 <

|€~2z| € 2|y=-z|, we obtain, using (2.3) with j = 3,

2
|13| < c¢h f](t-s)-a/zexp(-c 1{531—)3-1/2|y-z|°azds

< ¢ch / ly—z|‘2+adz <ch® .
|z=y|>2h
|I4| < f: |IT¢{y*'~z,t~8) ::ztgnls-1/2h°hs
¢ on® [8 (e 257 208 < n® .
Lemma 2.6.
(2.18)

v <c .
l Y|°/2pt lgl“vY




.....
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Proof. Assume that lgla v <1 and let t-t' =: he (0,t/2). Using (2.15)
[

we have

vy(y,t) - vy(y,t') -

-1/2
!:-2h f‘ Py(rz,t-a)s V (g(z,s) - gly,s))dzds

t.

NP ry‘Y‘"t"')'-Vz(q(z.-) - gly,s))dzds

+ f:-zh In (l‘y(y-z),t-n) - Py(y-z,t'-s))l-vz(g(z,-) - g(y,s))dzds

]

=3 b .

wr Y

Estimating these terms, using (2.14), we get

2
1,1 < ¢ [f (t-8)"" exp(-c j{:—:)—)l /2|y gz %azax

<€c !:-Zh (t—s)-1/2+q/2 .-1/26' < c:h""l2

1,1 is estimated similarly.

|41 < h [l Il‘yt(y-z,ﬁ-a)ll-vzly-zladzd.

2
< ch [f (t-8) "2 exp(~-c %—:l—)--‘/zly-zladzda

< ch fot-zh (1:-3)-3/2+W2 9-1/263 < ch“/2

Lemma 2.7.

ltvz-o/zv

(2.19) YY|“ < clgl‘l'y .

proof. Assuming |gl < 1 we have, using (2.14) and (2.15),

/

Sy

v (yo0)l = 1S [T (y-z,t-8)s" "/ 2(g(z,8) - gly,s))dzas|
Yy 0 ‘R yy

2
<c [/ (t-8)"3/2 exp(-c -‘{%:—L]l-vzly-zladzds

e P S L A g W YT S hedio A - [ T
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-1va/2 -1/ =-1/2+a/2

<c f: (t-s) 248 < ot

This Lemma proves (2.13). In combination with Lemma 2.6 and the fact that

v(*,0) = 0 it also shows that

1/2
Wl a0 <0677 v,

and it follows from Lemma 2.5 that

i, < t:lgia'«/2

lv'vY'G,Q/Z < x:lgl“'m/2 .

To complete the proof of assertion (2.12), we note that

Iv I <

vYY a,a/2,Rx[s,T]

[ -1/2
elivo (=om)i + 1t el o ovte,m) ¢

.-1/2 .-1/2

el Ivy('.s/2)la + 1] ) €

a,y,Rx[s/2,T]

-1/2
s .
c taly,y

In view of Lemmas 2.3 and 2.7 this yields

1/2
' < .
e Vorla,az SCl9lgy

2,3. The boundary value problem

In this section we consider the problem

u, - au_ - t"/zbux -t V2, (x,¢) e R, x[0,T]
(2.20) u(x,0) = ¢(x), x e g+

u(0,t) = Y(t), t e [(0,T]
where a > 0 and b are constants.

-10-
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a,c/z(

Theorem 2.2. let f eH R x(0,7]), ¢,¢' € H(R,),

/ a/

O,t‘ zw' eH 2([0.'1‘]) and assume that the compatibility conditions

$(0) = ¥(0)

lim t " “y(t) = £(0,0) + b¢'(0)
t»0

hold. Then the solution of problem (2.20) satisfies

1/2“

xx'a,qlz <

lu,ux,t
(2.22)
] 1/2 '
c{lfla'c/2 + 1¢,¢ 'a+ iy, t ¥ 'q/Z}

where ¢ depends on a and b. Moreover we have

3 (2.23) 1m "2 _(x,0) =0, xem .
t+0
Denote by -f', ; smooth extensions of the function £, ¢ to the domains
Rx[0,T] and R respectively. Subtracting from u the solution of the

1/2 T and initial values -0 and using

ﬁ Cauchy problem with right hand side ¢t~
Theorem 2.1, we see that we have to prove Theorem 2.2 only for f£ = ¢ =0, an

assumption we make throughout this section. In this case, the compatibility

conditions (2.21), together with the assumption 0,1:1/ 20' e quz( {o,T)), can
be stated in the form

(2.24) ve QW2
where Q h;s been defined in (2.6). The change of variables y := x +
172 g of no help for the proof of Theorem 2.2 since R+x[0,T] is

transformed to the domain {(y,t) : t e (0,T], ¥y > 2bt‘/2}.

However, we may
assume a = 1, by a linear change of the t-variable.
Let us first obtain a representation for the solution of problem (2.20)
(with a= 1, £=¢ =0) in terms of the fundamental solution K(x-y,t,s)
¢ for the equation

-2
(2025) “t uxx t bux 0 .

-{1=
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By taking Pourier-transforms we see that

Ki{x,t,s) = I'(x + 215(1:‘/2 - 31/2),t-s)

(2.26)

1/2 _ 1/2,.2
- (an)" /2 (4-g)" 1 2exp(~ L2$2DLE 8 ’%)

4(t-8)
Using (2.1), (2.2), (2.14) and the fact that K satisfies equation (2.25)
for x, t-s ¥ 0 one can easily check that K satisfies the same estimates as

the fundamental solution of the heat equation

(2.27) |DiD:K(x.t.s)l < <:(1:-:|).:V2-k exp(-c %:; .
Also note, that
( ) -1/2
2.28) -3: K(x,t,s) + Kxx(x.t,-) + bs Kx(x,t,s) =0, x, t-s ¥ 0 ,

which follows from (2.26).

Proposition 2.1. Let ¢ e Q“’z. The solution of problem (2.20) (with

f = ¢=0) can be represented in the form

(2.29) u(x,t) = =2 f;‘ Kx(x,t,s)x(l)da
vhere x € chz is the solution of
(2.30) x(t) = ¥(t) + 2 f: K_(0,t,8) x(8)ds
and

1/2 1/2
(2.31) It )('I“/2 < clt ".lolz .

Proof. We claim that the operator R defined by
(2.32) (RX)(E) &= =2 [C K (0,t,8)x(s)ds
is a strict contraction on the space Q with respect to the norm

Ixt -|t1/2x'|a/2. We have

Q
1/2 172 172 12, .2
b(t -8'7) (b(t -8 ))
-2 x_(0,¢,8) = 2L 8_) oxp(- = )
x '1/2(t_.)3/2 t-s
and we rewrite RYX in the form
-f2=
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_ b 1 _ (b1-s'?)
(RO)(£) = [ I P VE DALV N exp( = )x(ts)ds

=3 f; r(b,s)x(ts)ds .

Substituting z := (b(1- 11/2)) /(1=-8) we see that

2
(2.33) Ir(b,*)1, '/21" bt "V 2exp(-nraz < 1 .
b +z
S8ince
2ot = [ (r(b,8)s "/ 2)(ts) 1%y (ts)as

this implies that R is a contraction on Q.
It remains to show that u, given by (2.29), satisfies the boundary

_condition u(0,°) = Y. We write (2.29) in the form

u(x,t) =
) 12 _ /
5 x (x+2b(t 2
""' ls exp(- - )x(t)as
& 0 ox1/2(¢-g)3/2 4(1: -)
: 172 1/2 2
, + It x exp(- (x+2b(t .- )) Jxis) - xit))ds
E 0 2x"/2(4-4)3/2 a(t-s)
1/2 1/2 / /
thbit -8 {x+2b(t ))
* o x'/2(e- )3/2 (- 4(t-l) Jxts)as
3
= ] I,(x
V=1
and obtain
lin 11(x) -
x+0
- 2,172 _ . 1/2
X(t) 1lim It/x —T/—z" 8 3/2 .xp( Mmrl ux __) )d. -
. x+0
q 13-




1 -3/2 1
x(t) f. 8 exp(- ——)ds = x(t) .
0 2"1/2 4s

2
_ay"3/2 N X 02
11,000 < ¢ [§ x(t-s) exp(-c ) (t-s)

lim 13(") = (RX)(t) = P(t) - x(t)
x+0

We now analyse the smoothness of the solution of problem (2.20) via the

representation (2.29).

Proposition 2.2, Let u be defined by (2.29) with xe fY, v < 1/2, then

2.34 < .
( ) Iuly't clxlY

Proof. Assume lle < 1. 1In particular, since x(0) = 0, [x(t)| < tY, we

let t-t' =; h e (0,t/3) and write

- 1 (ulx,®) - ulx,t")) =

t
[ooon K (Xeti8) (X(8) = x(t))ds

- ft' K (x,t*,8)(x(s) - x(t'))as
t=2n “x X0t 82X X

+ [T (x,t8) - K (x,t",8))(x(s) - X(t'))as

+ foz“ K (x,t,t=8) (X(t) - X(t'))ds

+ f:h (Kx(x,f.,t-l) - Kx(x,t',t'-s))x(t')ds

L.
+ [; Zh(xx(x,t,t-zh-s) - xx(x,t',t'-Zh-c))x(t')d-

+ I:; K (x,t,n-8) x(t' )8 )

e " V,' . . V ’ ' 1
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We set

172 _ 172
(2.35) Alt,s) ;= EX2D(E 53 )
2(t-s)

and with this abbreviation

Kx(x,t,.) - - -1775 (t-s)-1A(t,l)exp(-A(t,l)2)

2%

- K1(x,t,s) + xz(x,t,s)

where

L x3/2 exp(-A(t,l)z)'

K. (x,t,8) = =
1 4:1/2 (t=s)

b 2
exp(-A(t,s)) .
1/2(t1/2 + .1/2)

1
K (x‘t,') - -
2 21/2 (¢-9)

Note that, by (2.2),

2
(2.36) oxp(ﬂa(t,s)z) < c exp(-c f:; .

Using this, ¢t=-t' = h < t/3 and (2.27) we estimate the integrals Iv as

follows.

t RS /
13,1 < e Jo UK+ 1K, ) (t-8) a8

<cth’+ ft

tm2n £ 2(e-0)""2a5) < cn? .

|12| is estimated similarly.

|13| < ch f;’zhlxxt(x.ﬁ.s)l (t'~s) Yas

< ch (t'=8)"*Yax < en’ .

It-Zh
0

Y (2n
I, € en’ [RORD + IR, 1)

<chV(1 + ]:h t-1/2l-‘/2dl) <ch’ .




~~~~~~~~~~~~~~~~~~~~~

8ince I% (a oxp(-hz))l < c and

|A(t,t=8) ~ A(t',t'=8)]| =

-1/2, 8 _ s

(2.37) A V2 SR - NV . 2 ¢
e 21172
ve obtain Izl < c(t")Y I:h s VIA(t, t-s)exp(-A(t,t-8)?) -
A(t',t'-l)otp(-h(t',t'-l)z)ldl
< cn'/2 7! [:h o /248 < on’
8ince
IA(t,t=2h-8) - A(t',t'=2h-8)| =

“1/2) 1/2 _ 12 _ (00,12 1/2

(2.38)  c(s+t2n)" V2| (t-2h-s)’ + (t'-2n-8) "3 <

cts+2n) "V 2p(xt-an-0)"1/2

we obtain, for Yy € 1/2,

!t'-Zh
0

1G] < eten)” (s+2h) "' |A(t, t=2h-8) exp(-A(t,t=2h-8)2) -

A(t’,t'~2h-8)exp(~A(t',t'~2h-8)>) |ds

/ 1/2

< ct’ I:;"m'(»zh)'3 Zn(t'-2n-0)""2as

¢ cth'/2:1/2 ¢ oY

. 11,1 € eten)Y lz (t=h+s) 'ds < ct Y ht”! <on’ .
73 Proposition 2.3, Let u be defined by (2.29) with xe @', v < 1/2, then
= 1/2

3 2.39 ¢ ' .

;- (2.39) qulnt e “x IY

o

-

Y

-

}

o

) -16-

e
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Proof. Assume Itvzx'lY < 1. By (2.28) we have

u (x,t) = =2 I: K _ (x.t,8)x(s)ds =

/

- 2 [} x(x,t,0)x ()48 + 20 ) xx(x.t.-)-" 2. (s)as

- V(x't) + V(X,t) .

szlY € ¢, Proposition 2.2 implies |w|Y c < c.
’

Let t=t' =: he (0,t/3). As in the proof of Proposition 2.2 we write the

8ince, by lemma 2.4, It

?
difference - %(v(x,t) - v(x,t')) in the form [ J,, vhere the integrals
=1

Jv are defined as I, but with K, replaced by K and x by x'e Using

t=t’' = h < t/3, (2.27) and the inequalities (c.f. Lesma 2.3)

I (&) < ct-1/2+y

Ix'(e) = xX'(s)]| < c(t—n)‘i"/z. s<t ,

we estimate the integrals "v as follows.

=12, _g)Ys"1/2 Y

13,1 < c [5_ (t=8) as <ch’ .

13,1 1s estimated similarly.

19,1 < oh ]:’2h Ix, (x,&,8)1 (t'=s) Y~V 24g

-3/2+1;-1/2

< ch [:.m(t--) das € chY

)"/2I:h s V%4 ¢on' .

13.] € chY(e*
4
With A defined by (2.35) we have, using (2.37),

g

3 1951 < el |OXp(-A(t.t-l)2) - oxp(-h(t',t'-l)z)ldl

< ctY-1/2]:h t"'h" 226 < on’

-17=
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By (2.38),

lexp(=A(t, t-2h-8)2) - exp(=A(t',t'~2h=s8))|

< c(s+2n)" " 2n(er-2n-5) 12

|A(E, E~2h~s) exp(~A( £, E~2h-8) ) |
-1/2 2

(s+2h)

X

/
1/2 exp(-c 50

) + (s+2n)"

< ¢(s+2h) h(t'=-2h-8)

It follows that

-1/2

(s+2h) Iexp(-A(t,t-zh-s)z) -

- + L
131 € et 1/2+y ]; Zh

exp(-A(t'.t'-Zh-s)?)lds

2
t'=2h x x -1/2

hl,’ —_— exp(-c )(t'-Zh-s) ds
0 (s+2h) 3/2 s+2h

< ct-1/2+Y

1/ -1/2

+ (s+2h) " V/2(¢*=2h-s)

- e
. 1/2.{: 2h as|

¢ ot~ V2V V2 Y

-1/2+Y fh 1/2
0

19,1 € e(e*) (t=h+s) '/ “ax

¢ ot” V2~V 2¢ Y

Proposition 2.4. For ¢y e Qq/z, the solution of problem (2.20) (with

£ = ¢=0) satisfies
/2,
(2.40) luxla,x Scle 'y |q/2 .
Proof. Assume lt‘lzv'l < 1. Since v = satisfies (2.25) and
° G/z . ux .
v(*,0) = 0, v(0,*) = ux(o,') we have
vix,t) = =2 [ K (x,t,8)X(s)as
with X the solution of
X(t) = u (0,8) + 2 f: K (0,c,8)xis)ds .
By Proposition 2.3, I\nx(O,-)IW2 < ¢, and the proof of Proposition 2.1, in

particular (2.33), shows that this implies < ce

lxlw2

" ‘ N - . - . . -, o+ . L -t A .
PR Vg WAy SR . AP A WU WP U A SV W e P PO Ny P Gy . b S




o fa e Mmool o . e LR [ ) B " K
'™ T N N IV A | -

R R R R o N T T N T Ty —— —

Let x-x' =: h > 0 and assume that t > hz. We write

-7} (vix,t) = v(x*,t)) =

It , K (x:t,8) (x(8) - X(t))ds
t-h

- Jt , K (x*,£,8) (x(s) - X(t))ds
t-h* X

2
+ fot-h (l(x(x.t.s) - Kx(x',t,s))(x(g) - x(t))ds

+ JE (X _(x,t,8) = K (x*,t,8))X(t)ds

i
=3 I .
=1 v

a/2

Using h2 <t, (2.27) and |x(t)] € ct we estimate these integrals as

follows.

a/2

15,0 s e [* , (o) (e Y28 < en®

t=h

l1,1 is estimated similarly.

2
I: h q/zds

|13| < ch Ixxx(E,t,l)I(t-l)

s)~3/2+q/2

2
<chf:h (t- as < ch® .

Set I(x) := ]: Kx(x,t,s)ds. By (2.28) we have

I Gl = 1 K (x,t,8)ds]

< Il((x,t,°)|:| +c f;' IKx(x,t,s)Is-Vzds

-1/2+ ft x
0

2
x -1/2
exp(-c -_—-)s ds
(t_s)a/z t-s

< c(t

t 1 s-'1/2ds

O (t-0)" 2" 2s"/2)

+]

)

w
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It follows that

W2 V2 S,

|I4| < ct h

Combining the above estimates we have
{vix,t) - v(x',t)| < clx—x'la, Ix-x'l2 <t .

Since v{(°*,0) = 0 and, by Proposition 2.3, < ¢, this inequality

""a/z,t
holds for Ix—x'l2 2t too.

-

Proof of Theorem 2.2. As we already remarked we may assume f = ¢ = 0. For
a/2

vegQ it follows from Propositions 2.1 - 2.4 that

(2.41) bu,u < cltV/?

1}
0,0/2 " l 0/2 .
To complete the proof of assertions (2.22), (2.23) we write the solution of
problem (2.20) in the form u = vtw where v and w are solutions of the

problems

v v = ¢ bu , (x,t) e R x [0,T] |,
(2.42) o= *

v(e,0) = 0

L 0, (x,t) e R, X (o,T ,
(2.43) w(*,0) =0

w(0,*) = ¢ = v(0,°) .

Here, ;; denotes a smooth extension of u, to the domain R x [0,T]. By

x
(2.41) and Theorem 2.1,

1/2v Now 1 < cltvzw'l

fv,v ,t
Tx! xX x a,0/2

w2 °
Also note that, by (2.10),

un /29 () - w0, = (uim 2pien - by =0,

t+0 t+0
1/2 1/2 -
and it follows from It vtla,q/z < It vxx'a,q/Z + Ib\:lxla‘“,2 that
; = ¢ - v(0,°) e Qa/z. Therefore it remains to show that
1/2 1/2 =,
(2.44) It 'xx'a,q/z <clt ¥ IQ/2

- P " A P SR S




/2

(2.45) lim t1

w (x,t) =0, x€R .
+
£+0 XX

1/2 =,
Assume |t 1] Ia/2 < 1. We have

I (X, 8) | = Jw (x,8)| = |2 f; Px(x,t-s)i?(s)dsl

(2.46)

2
t -1/2+a/2
<o fg —Ez eml-e {70 Mae <

which proves (2.45).

Let x=-x' =: h > 0 and assume that h2 <t, h €< x/2.

Wy (x,t) = wxx(x',t)l =

|2 fg (F_(x,t=8) = T_(x',t-8))¥ (s)ds| <

-1/2+a/2

ch I; IPxx(E,t-s)Is ds <

2
exp(-c %:; s 1/2+q/2ds <

ch f; (t:--s)-3/2

ct-1/2ha

In combination with (2.46) this shows that

1/2w | ’ lt1/2-q/2w I <c
XX ,X XX ©

It

To complete the proof of (2.44) note that

lwxx'a/2,t,R+X[t,T]

. -1/2
c(lwxx( 't)|a + l*.'u/2,[t,T]) < ct

and apply Lemma 2.3.

ct

1/2+a/2

We have
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3. Extension to variable coefficients

3.1. Reduction of the problem

We show in this section that it suffices to prove Theorem 1.1 for
£e ™% ana 4=y, =o.

Let ’E, ?,'z be smooth extensions of the functions b, £, ¢ to the
domaing R x [0,T] and R respectively and set $(x,t) 1= z(x). Let v Dbe

the solution of the problem

(3.1) t XX t-1/2(; .;x + ?)l (x,t) e rRx[O,T) ,

and set

V(x,t) == x(¢1(t)-v(1,t)) + (1-x)(¢b(t) - v(o,t)) .
Then the solution of problem (1.1) can be written in the form
(3.2) u=v+V+w

where w 1is the solution of the problem

-1/2 -1/2
W Taw - t / wa = ¢ g, (x,t) e QT = (0,1} x{0,T] ,
(3.3) w(ix,0) =0, xe [0,1] ,
w(v,t) =0, t e [0,T], Vv=10,1 ,
with
= V2, R N V)
g:=t (a 1)vxx + b(vx ¢x) t vt + bvx .
By Theorem 2.1 and the definition of V we have
1/2 1/2 1/2
lv,vx,t vxx't vt,V,Vx,t vt'c,ovz <
(3.4) 1
+ [ ]
c(lfla‘a/z 19,01 + \-Zo Wl

-22-
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where ¢ depends on 'b|a,a/2° Moreover,
(3.5) 1im ¢'/2

v (x,t) =0 ’ x € [011] .
£+0 xx

This, together with the compatibility conditions (1.5) and the equation (3.1),

implies

/

lim g(x,t) = lim (-t' 2vt__(x,::) + Blx, WV, (x,8)) =

t+0 t+0

1im (-t"’(xw;(t) + (=XR(E))) +
t+0

x(b(1,0)9* (1) + £(1,0)) + (1-x)(b(0,0)¢*'(0) + £(0,0))

+ b(x,O)((¢1(0) - v(1,0)) - (Wb(O) - v(0,0))) =0 .

By (3.4) and the assumptions (1.3) and (1.4) on a, b, ¢, wv it follows that
ge aa,a/z.

In view of the above reductions, Theorem 1.1 is a consequence of

Theorem 3.1, For g € ﬁa'a/z(ﬂT). the solution of problem (3.3) satisfies
1/2
o 1
(3.6) lw,th L a,a/Z,QT < c'gla,uVZ,QT

where ¢ depends on «, ag, 'a'b'a,alz,nT and T. Moreover we have

(3.7) lim t'/2

w (x,t) = 0 .
£+0 e

«23=
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3.2, Auxiliary lemmas

For A := 1/J, JE€ N, we set xj 1= A\, 3 = 0,...,J, and choose cut off

functions with the following properties

"y

(0 < n(x) <1

an(x)2-1 , xe 0,1 ,
3

(3.8) < xj € supp nj

| supp njl < cA

L lenjl. <ok .

Note that, by the third and fourth property, the supports of at most ¢

{'- 3ependent of 1) n,'s can have a common intersection. We set

3

M, (x,t) = n_ (x) .

3 3
and for simplicity of notation
' = ' .
2 =V a2,
Lemma 3.1. For f = Z fj with supp fj < supp Mj.
3
(3.9) lflT < ¢ sup lfle .
3
Proof. Let us prove the estimate, e.g., for | 'a x* For x,x' set
’
I :={j: xe supp nj or x' e supp "j}' Since by (3.8) |I| € ¢, we have
I£(x,t) - £(x', )| = | [ €. (x,t) - £ (x',t)]
a
€ clx=-x'|" sup |fj‘a < °
jex !
Lemma 3.2. ror £ e #%¥%(a) with <)%,
(3.10) B;p lefIT < clflT p

where the constant ¢ does not depend on A and T.

-24-
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This follows from (3.8) and the inequality

(3.11) IuvIY < lul.|v|Y + |u|Ylvl. .

Lemma 3.3, If w(+,0) = wx(°,0) = 0 and Iw“/2+“/20ttﬂr' lvxlT < 1, then

=k, (t-m+1)/2

(3.12) l(o:uj)t‘/zo:wlT CcA'T ,m=0,% ,

where the constant ¢ does not depend on A and T.

Proof. Let us prove, e.g., the inequality

™ 172

€ T .
a,x,ﬂT

172

For |x=-x'}| € T we have

lwix,t) = wix',t)| € [x=x'| lwxl_

< Ix-x'Iqr1/2-q/2Tq/2valq/z't'qr

and for |x-x'| > T1/2,

Jwix,t) = wix',t)| < 2|x-x'|qr-q/2lvl_

a-a/2 1/2+a/2
€ 2jx=x'| T o/ T /2to/ |w|1/2+q/2't'nr .

All other inequalities can be easily deduced, using (3.11), (3.8) and the

inequality

-y
(3.13) Ixlys, o, €T IXly, t0,m

for x e ﬁ'([o.r]) and Y' < Y.

3.3. Proof of the main theorem
Denote by L the differential operator

Liwtw —av -t V2,
t XX x

1

To prove Theorem 3.1 we define an approximate right inverse L~ to L by

(3.14) T e V2 -} HjL;1(Hjt-1/2g)
3
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vhere 'j = L; (njt- g) 4is the solution of the boundary value problem
-1/2 - ~1/2
(3.15) (wj)t a(xj,O)(vj)xx t b(xj,o)(wj)x Hjt g on nj
=0
"j on aaj
with “j 1= R+XIO,T] if 0 e supp nj and aj 1= (~»,1)%[0,T] otherwise.

Proposition 3.1, Set w =15 ~(t""/2g). Then, for ge ﬁ‘““’z(a?) with
2 ~ ~ /72 ~ a,e/2

T < \°, we have w, wet / Yoo © k &/ (ﬂr) and

(3.16) lv,u&,t ‘ix'r < clqlr

where the constant ¢ does not depend on A and T.

Proof. Assume that T < 12 and lql,r < 1. By Lemma 3.2, lnngT € Ce

Applying Theorem 2.2 to problem (3.1), it follows that 'j'('j)x'

(t‘lzwj)xx e ﬁc,a/z(nr) and

/2
j'('j)x 'j)xx'r

By Lemma 2.4 and (3.15) this implies in particular

(3.17) I L) <c .

(3.18)

1/2
ij|1/2+q/2,t,ﬂT < It (vj)tlT <€c .

Since w = Z Mjwj we obtain, using Lemmas 3.1 - 3.3,
l;li <c s;p .Mjwj'r €c T1/2 .
Wi, <c stjxp (M) w by + M (w) 1) <o
15 <
c s;p (I(Mj)xxt1/2wjlT + I(Mj)x(t1/2vj)xlT + l(t1/2wj)xxlT) <c .
-26~
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Proposition 3.2. The operator
s:gmt/i VeV

maps ﬁa'dz(ar) into itself. There exist xo and T, < x: such that

1
(3.19) isg - gl,ro < 2 Iql.ro .

Proof. The first assertion of the Proposition is clear from Proposition 3.1.

We write

t‘lzl. T -1,.=-1/2

(t g) ~-g=

e'3(] (i) - maw) + ):n (L- Lj)vj) -

3 33 M j
1/2 1/2
t § a(uj) oyt 2t } ‘“‘j’x“'j’x + } b(nj)xvj +
1/2 - -
t § M, (a alx 0))(w,) 4 ;: M (b = b(x,,0))(w,),
)
-3 I ’
w1 ¥
: where we used that
g (172 M2 -1 2, _
F. g“jjj Inj,,(t 9 =9

since Z (m )2 = {1, Assuming T ¢ X ’ lgl,r < 1 and using (3.17), (3.18) and

&.
=
5 y 3
L Lemmas 3.1 - 3.3 we estimate these terms as follows.
S 1/2 -2
FF‘ II1IT < ¢ sup IalT I(Mj)xxt wjl,r €CcA®T .
& b
1/2 -1 ,1/2
- lIle <c s;xp lal,r "Mj)x(t vj)xl'r €cA T .
g /
-1 _1/2
'13"1' <c s;xp lblT I(Mj)ijl,r <cA T .

MO A el (8. 340

e LW N T T ST ARt . - e .
R S DY 3 - A B e et ARy ——r— R ——




4
¥

14'1"

- 1/2
c l;np (la :n(xj,O)l‘_'.‘lpp "j lllj(t "j’xx"r +

1/2
lalT luj(t wj)xxl.) <

c 0% + 2V2,

'IS'T <

¢ sup (Ib-b(x_,0)1 M, (w

h j «, supp “j j j)x"l' + lblT M, (w )xl_) <

3

a/2

c A%+ 2¥% |

Combining these estimates we have

5
1 ra <end Zp 4 72V2 4 2% 4 2 V2

v=1q

which proves the Proposition with Xo 1= (Bc)-vu, '1.'0 1= (Xol(ec))z.

By Proposition 3.2, the operator S is boundedly invertible on

ﬁc,o./zm'r )e It follows that, for g € ﬁa’wz(n,r ), L -1(‘:-1/23-19) is a
0 0

solution of problem (3.3). Therefore, Proposition 3.1 proves Theorem 3.1

with T = Ty Using the standard results for linear parabolic equations with
smooth coefficients (L, Thm. 5.2, p. 320] the estimate (3.6) remains valid for
any finite rectangle 9'1" In view of the reductions made in section 3.1, the

proof of Theorem 1.1 is complete.
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